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ON HARMONIC AND ASYMPTOTICALLY HARMONIC
FINSLER MANIFOLDS
HEMANGI SHAH AND EBSTAM H. TAHA
Abstract. In this paper we introduce various types of harmonic Finsler
manifolds and study the relation between them. We give several charac-
terizations of such spaces in terms of the mean curvature and Laplacian.
In addition, we prove that some harmonic Finsler manifolds are of Ein-
stein type and a technique to construct harmonic Finsler manifolds of
Rander type is given. Moreover, we provide many examples of non-
Riemmanian Finsler harmonic manifolds of constant flag curvature and
constant S-curvature. Finally, we analyze Busemann functions in a gen-
eral Finsler setting and in certain kind of Finsler harmonic manifolds,
namely asymptotically harmonic Finsler manifolds along with study-
ing some applications. In particular, we show the Busemann function
is smooth in asymptotically harmonic Finsler manifolds and the total
Busemann function is continuous in C∞ topology.
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1. Introduction
The notion of harmonic manifolds was introduced by H. S. Ruse in the
first half of the 20th century. As rich interplay of analysis and geometry
continued to grow so did the fertility of these sub-disciplines of differential
geometry. In fact, the study of harmonic and asymptotically harmonic Rie-
mannian manifolds is an active area of research. A complete Riemannian
manifold M is said to be harmonic if all geodesic spheres inM of sufficiently
small radii are of constant mean curvature. Several results and character-
izations of harmonic manifolds appeared in [1, 3, 7, 33, 34, 36, 47]. For
example, harmonic Riemmanin manifolds can be characterized by the mean
value propetry of harmonic functions which proved by Willmore. It is known
that harmonic Riemmanian manifolds have constant Ricci that is Enistein
manifolds [7]. A complete classification of compact harmonic spaces had
been done by Szabo, in [47], in which he proved Lichnerowicz conjecture
“every simply connected harmonic manifold is flat or rank one symmetric
space” for compact harmonic spaces. In a recent result [21], the authors
discovered a new class of harmonic Hadamard manifolds and gave a char-
acterization of the harmonic Hadamard manifold of hyper-geometric type
with respect to the volume density.
Finsler geometry is a further generalization of Riemannian geometry and
is much wider in scope and richer in content than Riemannian geometry. For
instance, the model spaces (space forms) in Riemannian geometry, cf. [32],
are well understood and classified, however, in Finsler geometry the prob-
lem is far from being completely classified. Some partial results, for example
[4, 5, 37, 42], in some special Finsler spaces indeed exist. In fact, there are
infinitely many Finsler model spaces, which are not isometric or even not
homothetic to each other. This difficulty persists even with special cases in
Finsler geometry like that of constant flag curvature due to geometric objects
associated to the Finsler structure like Cartan tortion, Berwald curvature,
Dougluas tensor, S-curvature, T-curvature,...etc which all vanish identically
in Riemannian case cf. [4, 30, 38, 39, 41, 43, 45]. Attributed to these rea-
sons, some geometers described the Finsler manifold as a colorful space in
contrast with a Riemannian one. Indeed, working in Finsler context needs
different techniques that may be not exist in Reimannian case and these
points contribute in making study of Finsler geometry challenging.
One of the central focus of study is Riemann-Finsler geometry: that is
the area where geometers are interested in generalizing Riemannian results
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to Finsler context. For example, the sphere theorem, cf. [43, p. 8], a simply-
connected and closed Riemannian manifold with sectional curvature κ sat-
isfying 14 < κ < 1 is homeomorphic to the standard sphere. P. Dazord
extended this theorem to reversible Finsler manifold. For a general Finsler
manifolds (not necessary reversible), H. B. Rademacher proved the follow-
ing sphere theorem: Let (M,F ) be a simply-connected, closed, n-dimensional
(n > 3) Finsler manifold with finite reversibility λF . If its flag curvature K
satisfies (1− 1
1+λ2F
)2 < K ≤ 1 then M is homotopy equivalent to an n-sphere.
In this direction, we have generalized many results proved in [34]. Such
generalizations have not been studied in the literature before and are in-
spired by [7, 29]. First we introduce several types harmonic manifolds in the
Finsler context, viz. locally, globally, infinitesimal, asymptotic harmonic
Finsler manifolds and compare our definitions with the existing ones in the
Riemmanian geometry. Our formaultion of harmonic Finsler manifolds con-
cide with the Riemmanian ones when the Finsler metric is Riemmanian. To
the best of our knowledge, the only papers deal with harmonic Finsler man-
ifolds are [26, 27]. However, our results and treatment both are completely
different.
We study the relations between these manifolds and in particular prove
that some harmonic Finsler manifolds are of Einstein type. Different charac-
terizations of such spaces are given in terms of Shen’s Finsler Laplacian, the
Finsler mean curvature and isoparametric Finsler distance. To enrich under-
standing, we provide many examples of non-Riemmanian Finsler harmonic
manifolds such as Minkoskian metrics, Funk metrics, Shen’s fish tank met-
ric and the family of non-Riemannian Finsler metrics on odd-dimensional
spheres constructed by Bao and Shen. The first two metrics are projectively
flat Finsler metrics however, the last two are non-projectively flat. Addi-
tionally, we also give a technique to construct harmonic Finsler manifolds
of Rander type in theorem 5.1.
It is known that Busemann functions play a great role in the investi-
gation of the geometry of non-compact complete manifolds with negative
sectional curvature and the study of harmonic manifolds [34] in the Rie-
mannian framework. In fact, Busemann functions had been used in the
study of reversible Finsler manifolds of negative flag curvature in [13] and in
the splitting theorems for Finsler manifolds of nonnegative Ricci curvature
[29]. The authors in [24, 44, 45] offer insightful discussions about Busemann
functions in both complete Riemann and Finsler manifolds.
Our next aim is to analyze Busemann functions in the context of Finsler
geometry and use them to study of asymptotic harmonic Finsler manifolds.
Our investigation establishes that Busemann functions are smooth for theses
spaces. That is generalizes a part of [34, Theorem 3.1] from Riemannian to
Finsler context. A part of [34, Theorem 3.1] in the sense that [34, Theorem
3.1] provided that the Busemann function is analytic in the Riemannian case
however we prove that the Busemann function is smooth. An interesting
result that we prove in this regard is the continuity of the total Busemann
function with respect to the C∞ topology. In fact this result generalizes [34,
Theorem 5.1] from Riemannian to Finsler context.
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In what follows, we give the structure of this paper. Section 2 is devoted
to some preliminaries needed for better exposition of our results. Thereafter,
in next four sections we give details of our results. In particular, section 3 we
study some properties of normal and mean curvatures of geodesic spheres in
Finsler manifolds. Section 4 deals with the formulation of various types of
harmonic Finsler manifolds and their inter-relationships as well as some ex-
amples of such spaces. Moreover, we do study of non-compact and compact
harmonic manifolds. In section 5, we investigate harmonic Finsler mani-
folds of Rander type and the relations between isoparametric distance and
harmonicity in Finsler geometry. Finally, in §6, we conclude our work with
some analysis of Busemann functions in a general Finsler setting and in case
of asymptotic harmonic Finsler manifolds along with some applications.
2. Preliminaries
We will use the following notations: M for an n-dimensional, n > 1,
smooth connected orientable manifold. We denote by (TM,π,M), or sim-
ply TM , its tangent bundle and by TM0 := TM \ {0} the total space
of the tangent bundle with the null section removed. The tangent vector
space at each x ∈ M without the zero vector is denoted by TxM0. The
local coordinates (xi) on M induce a local coordinates (xi, yi) on TM . The
pullback bundle of TM is denoted by π−1(TM). Moreover, ∂i denotes the
partial differentiation with respect to xi, similarly ∂˙i is partial differenti-
ation with respect to yi (basis vector fields of the vertical bundle). The
components of the geodesic spray associated with (M,F ) is denoted by Gi,
consequently, N ij := ∂˙jG
i is the Barthel connection associated with (M,F )
and δi := ∂i −N ri ∂˙r1is the basis vector fields of the horizontal bundle.
2.1. Finsler manifolds. We start with definition of a Finsler manifold and
observe that Finsler manifolds are generalizations of Riemannian manifolds.
We refer to [4, 32, 38, 43] for further reading.
Definition 2.1. [4] A smooth Finsler structure on a manifoldM is a mapping
F : TM → [0,∞) with the following properties:
(a) F is C∞ on the slit tangent bundle TM0.
(b) F is positively homogeneous of degree one in y: F (x, λy) = λF (x, y)
for all y ∈ TxM and λ > 0.
(c) The Hessian matrix (gij(x, y))1≤i,j≤n is positive-definite at each point
y of TM0, where gij(x, y) :=
1
2
∂˙i∂˙jF
2(x, y).
The pair (M,F ) is called a Finsler manifold and the symmetric bi-linear
form gij(x, y) is called the Finsler metric tensor of the Finsler structure F .
Remark 2.2. (i) A Finsler metric is Riemannian when gij(x, y) is func-
tion in x only and it is locally Minkoskian when gij(x, y) is function
in y only in some coordinate system.
(ii) A Finsler metric can be characterized in any tangent space TxM by
its unit vectors, which form a smooth strictly convex hyper-surface,
that is called indicatrix IxM at this point x ∈ M , in the tangent
1From now on, the Einstein summation convention is in place.
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space. When a Finsler metric is Riemannian, this hyper-surface at
each point of M is a Euclidean unit sphere [43, §2.2.1].
If we relax condition (c) of definition 2.1 to be (gij(x, y))1≤i,j≤n is non-
degenerate matrix, respectively (degenerate matrix) then we deal with pseudo
or (non-degenerate) Finsler structure , respectively (degenerate Finsler struc-
ture). Similarly, relaxing condition (b) of definition 2.1 to be F (x, λy) =
λF (x, y) for all y ∈ TxM and λ ∈ R gives rise to reversible Finsler spaces.
Definition 2.3. [4] A Finsler structure is said to be reversible if F is absolute
homogeneous of degree one. That is to say F (x,−y) = F (x, y), ∀y ∈ TM .
Actually, in 1941, Randers metrics were first studied by physicist G. Ran-
ders, from the standard point of general relativity. After that, in 1957, R. S.
Ingarden applied Randers metrics to the theory of the electron microscope
and named them Randers metrics.
Definition 2.4. A Finsler manifold (M,F ) is of Rander type if F = α + β,
where α :=
√
αij(x)yiyj is a Riemannian metric and β = bi(x)dx
i is a
1-form on M with ||β||α < 1.
For dim(M) ≥ 3, a Finsler metric is of Rander type if and only if the
Matsumoto tensor vanishes identically. Further details about these metrics
in [4, 5, 12, 22, 30].
Another special Finsler spaces which include Riemannian and locally
Minkoskian manifolds are Berwald manifolds. More precisely,
Definition 2.5. A Finsler manifold (M,F ) is said to be Berwaldian if the
Berwald tensor Ghijk := ∂˙i∂˙j ∂˙kG
h vanishes.
2.2. Generalized metric space. [38, 48] The distance dF induced from
the Finsler structure F can be defined naturally in M as follows
dF (p, q) := inf{
∫ 1
0
F (η˙(t))dt | η : [0, 1]→M, C1curve joining p to q}.
Remark 2.6. (i) It should be noted that the Finsler distance is non-
symmetric that is dF (p, q) 6= dF (q, p). The pair (M,dF ) is called
sometimes a generalized metric space [48].
(ii) It is known that dF is symmetric if and only if the Finsler structure
is reversible. In other words, the distance depends on the direction
of curve. Therefore, the reverse of a general Finsler geodesic can not
be a geodesic. The non-reversibility property is also reflected in the
notion of Cauchy sequences and completeness [4, §6.2].
(ii) Thus, being different from the Riemannian case, it is not neces-
sary that a positively (or forward) complete Finsler manifold (M,F )
is also negatively (or backward) complete. For example, a non-
Riemannian Rander metric is positively complete solely. Therefore,
the classical Hopf-Rinow theorem splits into forward and backward
versions [4, §6.6]. A Finsler metric is called a complete if it is both
forward and backward complete.
A Finsler space is said to have reversible geodesics if every geodesic re-
mains a geodesic when the orientation is reversed. If a constant speed ge-
odesic remains a constant speed geodesic when the orientation is reversed,
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the Finsler space is said to have strictly reversible geodesics. Further details
about geodesics of Randers metric can be found in [4, Exercises of §5.3]. In
addiantion, Crampin in [12] proved the following:
Proposition 2.7. Let (M,F ) be a Rander manifold and let bi|j be the co-
variant derivative of β with respect to α, then
(a) F is of Douglas type if and only if bi|j = bj|i if and only if β is a
closed 1-form if and only if the Randers metric has reversible geodesics, that
is, the geodesics of F are projectively equivalent to the geodesics of α.
(b) F is of Berwald type if and only if bi|j = 0 if and only if β is a closed
1-form and is a first integral of the Riemannian geodesic flow if and only
if the Rander manifold is strictly reversible, that is, the geodesics of F are
identical to the geodesics of α.
Form now on, let us use the following notations, [29], of reverse or back-
ward Finsler objects. The reverse (backward) Finsler structure
←−
F of F is
defined by
←−
F (v) := F (−v). We will use arrows ← on those quantities as-
sociated with
←−
F , for example,
←−
d(x, y) = d(y, x) and
←−∇f = −∇(−f), where
∇ is gradient defined in the next section.
Another main difference between Finsler and Riemannian geometries is
in general Finsler manifold, the exponential map is only C1 at the origin of
TxM , however it is C
∞ on TxM0. It was proved by Akbar Zadeh that the
exponential map is C2 at the origin if and only if the Finsler manifold is
Berwald [4, §5.3]. More details about exponential map in [38, 43].
2.3. Regular metric measure spaces.
Definition 2.8. [38, §2.1] A Finsler µ-space is a Finsler manifold (M,F )
equipped with a volume measure dµ (non-degenerate n-volume form) on M.
A volume measure dµ can be written in the local coordinates (x1, ..., xn) as
follows
(1) dµ = σµ(x)dx
1 ∧ ... ∧ dxn = σµ(x)dx,
where σµ(x) is a positive function on M satisfies certain properties.
2.3.1. Volume measures in Finsler manifolds. Actually, there are several,
non-equivalent definitions of volume forms used on Finsler geometry. The
most known are Busemann-Hausdorff and Holmes-Thompson volume forms.
For more details, one can read [23, 50, 43]. Now, we will recall the definitions
of the known volume forms in Finsler geometry along with some of their
useful properties.
Definition 2.9. Busemann-Hausdorff volume element is defined at a point
x ∈M , in a local coordinate system, as follows
(2) dVBH :=
Vol(Bn(1))
Vol(BnF (1))
dx1 ∧ ... ∧ dxn,
where Vol(Bn(1)) denotes the Euclidean volume of a unit Euclidean ball [6]:
Vol(Bn(1)) =
1
n
Vol(Sn−1) =
1
n
Vol(Sn−2)
∫ π
0
sinn−2(t)dt,
and Vol(BnF (1)) := Vol((y
i) ∈ Rn|F (x, yi∂i) < 1).
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For a general Finsler manifold, the Busemann-Hausdorff volume form
may be expressed hardly by element functions. However, it was done for
particular Finsler metrics, namely Rander metrics [43, 50].
Remark 2.10. For reversible Finsler functions, Busemann proved that the
Busemann-Hausdorff volume form is the Hausdorff measure of the metric
space induced by the Finsler structure [38, p. 19].
Definition 2.11. Holmes-Thompson volume form is defined by dVHT :=
σHT (x) dx, where
σHT (x) :=
Vol(BnF (1), g)
Vol(Bn(1))
=
1
Vol(Bn(1))
∫
BnF (1)
det(gij(y)) dy.
In case of absolute homogeneous Finsler spaces, there is a relation between
the above two volume forms in [38] that is VolHT (M,F ) ≤ VolBH(M,F ),
where VolHT (M,F ) =
∫
M
dVHT .
Definition 2.12. [50] Extreme volume form for a Finsler manifold (M,F ) is
given by
dVmax = σmax(x)dx
1 ∧ ... ∧ dxn, dVmin = σmin(x)dx1 ∧ ... ∧ dxn,
where
σmax(x) := max
y∈TxM0
√
det(gij(x, y)), σmin(x) := min
y∈TxM0
√
det(gij(x, y)).
B. Wu called dVmax and dVmin by the maximal volume form and the
minimal volume form of (M,F ), respectively. Moreover, he used the extreme
volume form to generalize Calabi-Yaus linear volume growth theorem in [50].
2.3.2. Some geometric objects associated with the volume measure. One of
the most important geometric objects associated with the volume measure
is the S-curvature [30, 37, 38, 39, 40, 41, 43]. It is known that, S-curvature
was defined by Z. Shen, in 1997, to study volume comparison in Riemann-
Finsler geometry. It connects to the flag curvature in a fantastic way, for
extra details see [43]. In order to recall the definition of S-curvature, first
need the following notion:
Definition 2.13. The distortion τµ of (M,F, µ) is defined by
(3) τµ(x, v) := log
(√
det(gij(x, v))
σµ(x)
)
.
It can be interpreted as the directional twisting number of the infinitesimal
color pattern at x.
Definition 2.14. The rate of changes of the distortion along geodesic η(t) is
called Sµ-curvature (or simply S-curvature). Indeed,
(4) Sµ(x, v) :=
d
dt
(τµ(η(t), η˙(t)) |t=0 =⇒ Sµ(t) := Sµ(η(t), η˙(t)) := τ ′(t),
where η(t) is the geodesic starting from x with initial velocity v.
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Moreover, Z. Shen showed that the Sµ-curvature can be expressed in the
local coordinates as follows
(5) Sµ(x, y) := ∂˙iG
i(x, y)− yi∂i (log(σµ(x))) .
Actually, the distortion of the infinitesimal color pattern in the direction
η˙(t) does not change along η(t). However, the distortion might have various
values along various geodesics.
Proposition 2.15. [43, Proposition 4.2] A Finsler metric is Riemannian
if and only if the Cartan tensor Cijk :=
1
2 ∂˙i gjk vanishes identically if and
only if the Cartan mean scalar which is equivalent to τ is independent of y.
Therefore, in the Riemannian case, the infinitesimal color pattern is in
the simplest form at every point.
2.4. Gradient, Hessian and Laplacian in Finsler geometry. Now let
us recall the definitions of gradient, Hessian and Laplacian in Finsler setting
and some relations between them. For details see [38, 43, 51, 41].
Definition 2.16. Gradient for differentiable function f : M → R is defined
by
(6) ∇f(x) := J∗(x, df(x)) = g∗ij(x, df(x)) ∂f∂xi (x) ∂∂xj ,
where df(x) 6= 0, J∗ is Legendre transformation,
g∗ij(x, α) :=
∂2
∂αi∂αj
(1
2
F ∗2(x, α)
)
is the dual metric, α = αidx
i ∈ T ∗xM0 and F ∗ is the dual structure of F .
In fact, F ∗ is a Minkowski norm on T ∗xM , that is F ∗ : T ∗M → R+ given
by F ∗(x, α) = sup{αξ : ξ ∈ TxM, F (x, ξ) ≤ 1} for (x, α) ∈ T ∗M . In other
words, dfx can be written in the following form:
(7) dfx(v) = g∇fx(∇fx, v) ∀v ∈ TxM.
Remark 2.17. The gradient ∇f(x) is non-linear unlike Riemannian case. It
should be noted that, when df(x) = 0 the gradient ∇f(x) defined to be zero.
In fact, a distance function r defined on an open subset Ω of (M,F ) has
some interesting geometric properties. Indeed, ∇r is a unit vector field on
Ω and it induces a smooth Riemannian on Ω defined by
Fˆ (x, v) :=
√
g∇r(v, v), ∀v ∈ TM.
Further more, Fˆ (∇ˆr) = F (∇r) = 1 by [38, Lemma 3.2.2].
Definition 2.18. Hessian of a C2 function f is defined on the set Uf := {x ∈
M |df(x) 6= 0} by
(8) H(f)(X,Y ) := XY (f)−∇∇fX Y (f) = g∇f (∇∇fX ∇f, Y ),
where ∇ is the Chern (Rund) connection.
Another definition of Hessian is the following:
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Definition 2.19. Hessian of a C2 function f is a mapping D2f : TM −→ R
defined by
(9) D2f(v) :=
d2
dt2
(f ◦ η) |t=0,
where η is a geodesic with initial velocity v.
Remark 2.20. These two definitions of Hessian in Finsler geometry are not
equivalent in general. However, they are equivalent in the Riemannian case.
Moreover, the Hessian a distance function r defined on an open subset Ω of
(M,F ) satisfies
(10) D2r(v) = Dˆ2r(v)− T∇r(v) ∀v ∈ TxΩ,
where Dˆ2r is the Hessian of r with respect to Fˆ and T∇r(v) is the T -
curvature [38, 41].
Remark 2.21. Unlike Laplace Beltrami operator in Riemannian case, there
are many notions of Laplacian in Finsler geometry. Each of them has dif-
ferent properties, we refer to [2] for further details. The non-linear Finsler-
Laplacian, namely Shen’s Laplacian, is a well-known operator on which there
are many nice results in Finsler geometry obtained cf. [41, 29, 31, 43, 17, 20].
Actually, we have chosen Shen’s Laplacian to work with.
Definition 2.22. [38, §14.1] Let (M,F, dµ) be a Finsler µ-space and Ω be an
open subset. For a function f ∈ C2(Ω), the Shen’s Laplacian of f is defined
by ∆f := divµ(∇f), that is to say
∆f :=
1
σµ(x)
∂k
[
σµ(x) g
kl(x,∇f(x)) ∂lf
]
(11)
=
[
gkl(x,∇f(x)) ∂k (log(σµ(x)) + ∂k(gkl(x,∇f(x)))
]
∂lf
+ gkl(x,∇f(x)) ∂l∂kf,
where σµ(x) is the volume density of the volume form dµ.
Remark 2.23. Shen’s Laplacian is fully non-linear elliptic differential opera-
tor of the second order which depends on the measure µ.
Definition 2.24. [38, §14.1] For u ∈ H1loc(M), the weak or distributional
Laplacian of u is defined by
(12)
∫
M
ϕ∆u dµ := −
∫
M
dϕ(∇u) dµ, for all ϕ ∈ C∞c (M).
2.4.1. Finsler Mean Curvature. It is known that Z. Shen defined the no-
tion of mean curvature for hypersurfaces in (M,F, µ), where dµ = dVBH is
Busemann-Hausdorff volume measure cf. [41]. However his definition can be
used for arbitrary volume measure. We are following [38, §14.3] in the next
discussion about mean curvature in the Finsler manifold with for arbitrary
volume measure.
Let N ⊂ M be hypersurface and r be Finsler distance, i.e. F (∇r) = 1,
on U open subset of M such that r−1(s) = N ∩M for some s. Let dνt be
the induced volume form, by dµ, on Nt := r
−1(t). Let c(t) be an integral
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curve of ∇r which starting from c(0) ∈ Ns. Hence for small ǫ > 0 the flow
ϕǫ of ∇r satisfies ϕǫ(c(s)) := c(s + ǫ). Thus, ϕǫ : r−1(s)→ r−1(s+ ǫ).
It should be noted that the pull-back (n−1)-form (ϕǫ)∗dνs+ǫ is a multiple
of dνs. Thus there exists a function Θ(x, ǫ) on N such that
(ϕǫ)
∗dνs+ǫ = Θ(x, ǫ) dνs|x, ∀x ∈ N.
It should be noted that Θ(x, 0) = 1, ∀x ∈ N. The Finsler mean curvature of
level hypersurface N at x with respect to ∇rx is defined by
(13) Π∇r(x) :=
∂
∂ǫ
log(Θ(x, ǫ))|ǫ=0.
In fact, in a special local coordinate system (t, xa) in M such that ∇r = ∂
∂t
and dµ = σ(t, xa)dt∧ dxa, a = 2, ..., n− 1, the function Θ(x, ǫ) expressed as
follows:
Θ(x, ǫ) =
σ(s + ǫ, xa)
σ(s, xa)
.
Hence, the definition of mean curvature is the following.
Definition 2.25. The Finsler mean curvature of level hypersurface r−1(t) at
x with respect to ∇rx is defined by
(14) Π∇r(x) :=
d
dt
log(σx(t, x
a))|t=s = ∂
∂ǫ
log(Θ(x, ǫ))|ǫ=0.
Lemma 2.26. [38, Proposition 14.3.1] Finsler Laplancain of a distance
function r satisfies the following ∆ r(x) = Π∇r(x).
Moreover, in [43, Lemma 5.1], the following relation proved.
Lemma 2.27. The relation between the Hessian of a C2 function f defined
on Uf and it Laplacian is given by
(15) ∆f = trg∇fH(f)− S(∇f).
Remark 2.28. Equation (15) shows that, the Finsler Laplacian can not be
viewed as the trace of Hessian in general however when the metric is Rie-
mannian, it can be expressed as trace of Hessian. Indeed, g∇f is the induced
Riemannian metric on an open subset U of M .
In other words, the following expressions shows the relation between the
mean curvature Π∇r(x) of the level hyper-surfaces r−1(t) in (U,F ) and the
mean curvature Πˆ∇r(x) of r−1(t) in (U, g∇r)
(16) Π∇r(x) = Πˆ∇r(x)− S (∇r(x)) ,
which is equivalent to
(17) ∆ r(x) = ∆ˆ r(x)− S (∇r(x)) .
3. Properties of Normal and Mean Curvatures of Geodesic
Spheres
In Riemannian geometry, some geometric objects are very useful in the
study of harmonic manifolds such as Laplacain, mean curvature, normal
curvature, ...etc. So that, we will discuss some properties of the normal and
mean curvature of geodesic spheres of different radii in the Finsler context.
In the following, the Finsler mean curvature is the mean curvature of the
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level hyper-surfaces r−1(t) in (U,F ), where U is open subset of M. Let
Sp(r) := exp [Sp(r)] = {x ∈M |dF (p, x) = r} be the forward geodesic sphere
cf. [4, p. 149,156]. Here, we shall follow the definition and properties of the
shape operator [38, §14.4]. For further reading, we refer to [41, 43].
3.1. On Berwald manifolds. In fact, Berwald manifolds have many char-
acterizations. One of them is (M,F ) is Berwaldian if and only if T -curvature
vanishes [38, Proposition 10.1.1 p. 130].
Remark 3.1. [4, Exercise 5.3.3, p. 128] Let σ : [0, r] −→ (M,F ) be a Finsle-
rian geodesic, then its reverse γ(s) := σ(r − s) is again a geodesic if one of
the following condition satisfied:
(1) The Finsler structure is of Berwald type;
(2) The Finsler structure is reversible.
The results of this subsection generalize the corresponding once in [34,
Proposition 2.1, corollary 2.1] from Riemannian to Berwald spaces.
Lemma 3.2. Let (M,F, dµ) be a forward complete, simply connected Berwald
µ-manifold without conjugate points. Let ηv be the minimal unit speed ge-
odesic such that ηv(0) = x, η˙v(0) = v. Then for all t > 0, the family of
the Finsler normal curvatures Λt of the forward geodesic spheres St(ηv(t))
at x with respect to the outward pointing normal vector is strictly decreasing
with t.
Proof. Let ηv be the minimal unit speed geodesic such that ηv(0) = x, η˙v(0) =
v, ηv(r) = p, ηv(R) = q, where r < R positive numbers. Consider two for-
ward geodesic spheres Sr(p), SR(q) that touching each other internally at x.
The unit outward pointing normal vector field to Sr(p) is
∂
∂r
:= ∇r = −v.
The induced second fundamental form is Lˆr : Span{v⊥} −→ Span{v⊥} de-
fined by Lˆr(y) := ∇yv, where ∇ is Chern connection. Assume that J1, J2
are Jacobi fields along ηv such that J1(0) = J2(0) = y, J1(r) = J2(R) = 0
and X is a piece-wise C∞ vector field along ηv over [0, R] defined by
X(t) =
{
J1(t), 0 ≤ t ≤ r;
0, r ≤ t ≤ R.(18)
Now applying the Index Lemma [4, Lemma 7.3.2, p. 182] to J2 and X, we
get
I(X,X) ≤ I(J2, J2).
Using the formula [4, Eq. (7.2.4), p. 177]
I(J2, J2) = gη˙v (J
′
2, J2)|R0 = −gη˙v(J ′2(0), y)
Similarly, I(J1, J1) = −gη˙v (J ′1(0), y) = I(X,X). Therefore,
(19) gη˙v (J
′
1(0), y) > gη˙v (J
′
2(0), y).
As the Chern connection is torsion free, we get
J ′1(0) := ∇η˙vJ1(0) = ∇η˙vy = ∇y η˙v(0) = Lˆr(y).
Hence it follows from (19) that
(20) gη˙v (Lˆr(y), y) > gη˙v (LˆR(y), y), ∀y ∈ span{v⊥}, r < R.
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Using [38, Lemma 14.4.1], we deduce (20) is equivalent to say that, the
induced normal curvature satisfies
(21) Λˆ∇r(y) > Λˆ∇R(y), ∀y ∈ span{v⊥}, r < R.
According to (10) along with the vanishing of T -curvature in case of Berwald
spaces and the fact that the normal curvature Λt(y) is equal to the Hessian
we conclude that D2t (y) = Dˆ
2
t (y) which is equivalent to Λt(y) = Λˆt(y). 
Corollary 3.3. Under the assumptions of lemma 3.2, the mean curvature
of the forward spheres St(ηv(t)) is strictly decreasing with t.
Proof. It follows by taking the trace of (21), which gives
(22) Π∇r(y) > Π∇R(y), ∀y ∈ span{v⊥}, r < R.

3.2. On Finsler manifolds with non-vanishing T-curvature. In view
of [38, Proposition 10.1.1], the Finsler spaces with non-vanishing T -curvature
are non-Berwalian. We are going to get little bit more general results about
the the normal and mean curvature in which we use same techniques of the
proofs as in lemma 3.2 and corollary 3.3.
Proposition 3.4. Let (M,F, dµ) be a forward complete Finsler µ-manifold.
Let ηv be the minimal unit speed geodesic such that ηv(0) = x, η˙v(0) = v. If
the T -curvature Tt(y) is an increasing function in t, then for all t > 0: the
family of the Finsler normal curvatures Λt of the forward geodesic spheres
St(ηv(t)) at x with respect to the outward pointing normal vector is strictly
decreasing with t.
Proof. Using the same technique of proof lemma 3.2, we get Λˆt(y) is strictly
decreasing with t. Therefore eq. (10), when Tt(y) is a function increasing
in t, implies that Λˆt(y) − Tt(y) is decreasing. Hence, Λt(y) is decreasing
in t. 
Remark 3.5. Now one can easily read that corollary 3.3 will hold for for-
ward complete Finsler harmonic µ-manifold (M,F, dµ) with vanishing S-
curvature. This is useful to apply corollary 3.3 for some non-Berwald metric
with vanishing S-curvature. Examples of such metrics are:
(a) Shen’s fish tank [37],
(b) Non-Berwaldain Rander manifolds [39] with vanishing mean Berwald
curvature E.
(c) Einstein Kropina metrics with respect to the Busemann-Hausdorff
volume form cf. [43, Remark p. 313].
3.3. The sign of mean curvature in Finsler spaces. This sign depends
on many factors for example the sign of S-curvature. However, we can de-
termine it under certain condition, namely vanishing S-curvature. There are
many Finsler spaces with vanishing S-curvature with respect to Busemann-
Hausdorff volume form like, Berwald spaces [43, Proposition 4.3], a family of
Finsler metrics of constant flag curvature K = 1 on S3 [38, Example 9.3.2],
Shen’s fish tank metric,... etc. More precisely, we shall prove that:
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Lemma 3.6. A forward complete, simply connected (M,F, µ) Finsler µ-
manifold without conjugate points with vanishing Sµ-curvature has non-
negative mean curvature.
Proof. When Sµ-curvature vanishes, the Laplacian of a distance function at
a point x ∈M is given by
∆r(x) = Π∇r(x) = trg∇r H(r)(x),
which follows from (15). Let x ∈ M be an arbitrary but fixed and let
η : [0, r(p)] −→M be a normal minimal geodesic joining p and x. Therefore,
η˙(r(x)) = ∇r(x). Assume that J1, ..., Jn−1 are the normal Jacobi fields along
η with Ji(0) = 0 and Ji(r(x)) = ei, where {∇r, ei}ni=1 form orthonormal basis
on TxM with respect to g∇r. For x ∈M , using (8) we have
trg∇r H(r)(x) := g
ij
∇rH(r)(ei, ej) =
n−1∑
i=1
H(r)(Ji, Ji)|x
:=
n−1∑
i=1
g∇r(∇∇rJi ∇r, Ji) =
n−1∑
i=1
g∇r(∇∇r∇rJi, Ji)
=:
n−1∑
i=1
I(Ji, Ji),
where∇ is the Chern connection, which is torsion free so that the orthogonal
vectors ∇r, {Ji}n−1i=1 satisfy ∇
∇r
Ji
∇r = ∇∇r∇rJi, and I(. , .) is the index form
along η. Since M is without conjugate points, one can apply [4, proposition
7.3.1, p. 181] and get
I(Ji, Ji) ≥ 0; ∀ 1 ≤ i ≤ n− 1.
Thus trg∇r D
2(r) ≥ 0. Hence Π∇r(x) is non-negative. 
It should be noted that, the lemma 3.6 generalizes the corresponding
result [34, Proposition 2.2] in Riemannian case to Finsler spaces with zero
S-curvature.
Proposition 3.7. Let (M,F, dVBH ) be a forward complete, simply con-
nected Berwald VBH-manifold without conjugate points. Then lim
r→∞Π∇r(x)
exists and non-negative.
Proof. It follows from corollary 3.3 and lemma 3.6. 
Remark 3.8. Ohta, in [30], showed that, for an n-dimensional Randers metric
F = α + β, if there is a volume element dµ such that Sµ = 0, then β is a
Killing form whose length with respect to α is constant. Also, Z. Shen,
in [38, Example 14.4], showed that the converse is true. Moreover, Ohta,
in [30], proved that the volume element dµ coincides with the Busemann-
Hausdorff volume element up to a multiplicative constant. Actually, in this
case, the volume element dµ coincides with the Riemannian volume element
dVα up to a multiplicative constant.
So that we conclude, the following:
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Proposition 3.9. A forward complete, simply connected (M,F := α +
β, µBH) Finsler µBH -manifold of Rander type without conjugate points such
that β is a Killing form whose length with respect to α is constant has non-
negative mean curvature.
Proof. It follows directly from lemma 3.6 and remark 3.8. 
4. Harmonic Finsler manifolds
In this section, we introduce the harmonic manifolds in the Finsler setting.
In other words, we extend and generalize the notion of several kinds of
harmonic manifolds into Finsler geometry. In order to do this we need to
recall the polar coordinate system in Finsler context.
Actually, Hopf-Rinow theorem shows that for a connected Finsler space:
forward completeness is equivalent to the exponential map is defined on all
of TxM [4, Theorem 6.6.1, p. 186]. We will assume starting from now that
our Finsler manifold is forward complete.
4.1. Polar coordinates in Finsler manifolds. We are following [43, §2.4.3,
§7.1.1] in defining the Finsler polar coordinate system.
The polar coordinate system (r,y) on each tangent space with the Minkowskian
norm (TxM0, F (x, .)), for all u ∈ TxM0, is given by
r(u) := F (x, u), y :=
u
r(u)
∈ IxM.
Then the Finsler metric gx := gij(x, y) dy
i ⊗ dyj at x is given by
gx = dr⊗ dr+ r2g˙x; g˙x = g˙ij dθi ⊗ θj i, j = 1, ..., n − 1,
where {θj}j=1,...,n−1 is the spherical coordinates on IxM.
Let Dx := M − Cutx, where Cutx is cut locus of x. It is clear that
U := Dx−{x} is the maximal homeomorphic domain of expx. So using the
exponential map, one can move from the Minkowskian space to U in M .
The polar coordinate system of U is denoted by (r, y), that is ∀xo ∈ Dx,
r(xo) := r ◦ exp−1x (xo); y(xo) = y ◦ exp−1x (xo).
In other words,
∂
∂r
|(r,y) = (dexpx)ry(y);
∂
∂θi
|(r,y) = (dexpx)ry(r
∂
∂θ
i
),
where θi(xo) = θ
i ◦ y ◦ exp−1x (xo) = θi ◦ y(xo).
A volume form dµ on M , in the polar coordinate system can be expressed
as follows dµ = σx(r, y) dr ∧ dΘ, where dΘ = dθ1 ∧ ... ∧ dθn−1. Thus, it can
be written in the form dµ = σx(r, y) dr ∧ dνx(y), where
(23) σx(r, y) :=
σx(r, y)√
det(g˙(x, y))
,
and dνx(y) is the induced Riemannian volume form on (IxM, g˙(x, y)) with
respect to the induced Riemannian metric g˙(x, y). More detailed information
about these coordinates in [50, 43].
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Remark 4.1. (i) One can see from the definition of σx(r, y), it is like a
compatibility condition that relates the arbitrary volume form with
the Finsler structure. Furthermore, it generalizes the well known vol-
ume measures in Finsler geometry, namely Busemann-Hausdorff and
Holmes-Thomson volume forms. That is why, we have chosen defini-
tion (23) to introduce harmonic manifolds in the Finsler framework.
Even though, there is no canonical measure in Finsler geometry like
the volume measure in Riemannian geometry, as aforementioned, we
will work with an arbitrary measure µ on M.
(ii) It is known that, the volume of the indicatrix Vol(Ix) varies when x
varies which in contrast to the Riemannian case. However, D. Bao
and Z. Shen, in [6, Theorem 2], proved that for Landsberg manifolds
Vol(Ix) is constant. That is to say, on a Landsberg space the volumes
of all unit tangent spheres are equal to each other.
Definition 4.2. [47, §2] Assume that f : R+ −→ R. Such a function f
generates a radial function fx around a point x ∈ M that is defined by
fx(xo) := f(rx(x, xo)), where rx(x, xo) is the geodesic distance between
x, xo ∈M .
It should be noted that, fx is well defined only for the points xo for which
rx(x, xo) is less than the injectivity radius at x. When injectivity radius of
M is infinity, fx is globally defined. This definition in the context of Finsler
geometry, rx(x, xo) denotes the geodesic distance induces by the Finsler
function between x, xo ∈M .
In the following subsections, we investigate and introduce the notion of
different types of harmonic manifolds in Finsler setting. Specifically, we will
formulate these definitions for a forward complete Finsler manifold (M,F, µ)
with an arbitrary measure on M . Similarly, one can define these notions for
a backward complete or complete (M,F, µ) by taking care of distance.
4.2. Locally and globally harmonic Finsler manifolds.
Definition 4.3. A forward complete (M,F, µ) Finsler µ-manifold is called
locally harmonic at p ∈ M if in the polar coordinates the volume density
function σp(r, y) is radial function in a neighborhood of p. That is to say
that, σp(r, y) is independent of y ∈ IpM . So it can be written as σp(r).
Moreover, when injectivity radius of M is infinity (M,F, µ) is called globally
harmonic if in the polar coordinates the volume density function σp(r, y) is
radial function around each p ∈M.
Lemma 4.4. The volume density function (23) can be written in the form
σp(r, y) = e
−τ(γ˙y(r)) det(Ap(r, y)) := e−τ(γ˙y(r))rn−1
√
det(g ∂
∂r
( ∂
∂θi
, ∂
∂θj
))√
det(g˙(p, y))
,
where ∂
∂r
|(r,y) = (dexpp)ry(y) = γ˙y(r) and γ˙y(0) = y.
Proof. Let γy(t) := expx(ty) be the minimal geodesic in (M,F ) starting
from x in the direction of y ∈ IxM. The proof follows from eq. (3) and
applying Gauss lemma. This result also appeared in [51, Lemma 3.1]. 
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Corollary 4.5. Let ψp(r, y) := e
−τ(γ˙y(r))
√
det(g ∂
∂r
( ∂
∂θi
, ∂
∂θj
))
√
det(g˙(p,y))
. Thus, the vol-
ume density can be expressed as follows
(24) σp(r, y) = r
n−1 ψp(r, y).
So that, our definition of local and global harmonicity of a Finsler manifold
can be modified as follows (M,F, µ) is harmonic if and only if ψp(r, y) is
radial function.
Proposition 4.6. Our definition of (local/global) harmonic Finsler mani-
fold coincides with the exiting one in Riemannian geometry when the Finsler
structure is Riemannian.
Proof. It is clear from proportion 2.15, the vanishing of τ is equivalent to
the Finsler manifold being Riemannian. Therefore, σp(r, y) = det(Ap(r, y))
which independent on the measure µ have been chosen. In other words,
det(Ap(r, y)) depends solely on the Riemannain metric g. In fact, it was
proved in [40, §4] that,
det(Ap(r, y)) = r
n−1 det
[
g ∂
∂r
(
(dexpp)rv(
∂
∂θi
), (dexpp)rv(
∂
∂θj
)
)]
.
Hence,
det(Ap(r, y)) = r
n−1||J1(t) ∧ ... ∧ Jn−1(t)|| ∂
∂r
,(25)
where J1, ..., Jn−1 are the Jacobi fields along γv(t) := expx(tv). 
Remark 4.7. Using (25), one can calculate the Riemannain volume densities
of some known Riemannain harmonic manifolds cf. [36]. Indeed, let γy(t) :=
expx(ty) be the minimal geodesic in M starting from x in the direction of
y ∈ IxM. For an orthonormal basis {ei}n−1i=1 of y⊥ and J1, ..., Jn−1 are the
normal Jacobi fields along γy with Ji(0) = 0 and J˙i(0) = ei. Then
(26) ψp(r, y) = ||J1(t) ∧ ... ∧ Jn−1(t)|| ∂
∂r
.
As we mentioned in the introduction, the Riemannian space forms cf. [32],
which are Riemannian manifolds of constant sectional curvature κ, are clas-
sified for only three canonical local Riemannian metrics. First metric on
(Rn, when κ = 0), the second on (Sn, when κ = 1), the third on (RHn,
when κ = −1) up to scaling. Thus, the Jacobi fields are given by
Ji(t) =


sin(t)Ei(t), if κ = 1;
t Ei(t), if κ = 0;
sinh(t)Ei(t), if κ = −1,
where {Ei(t)}n−1i=1 are the parallel extensions of {ei}n−1i=1 .
Now, we can write the following table, for normalized Riemannian metrics,
in view of corollary 4.5 and (26). In fact, it shows that rank one symmetric
spaces are harmonic Riemannian manifolds.
ON HARMONIC AND ASYMPTOTICALLY HARMONIC FINSLER MANIFOLDS 17
Table 1: Examples of Riemannain Volume Densities of simply
connected Harmonic manifolds
Compact Volume Density Non-Compact Volume Density
Harmonic Function Harmonic Function
Manifold Manifold
R
n rn−1
S
n sinn−1(r) RHn sinhn−1(r)
CPn sin2n−1(r) cos(r) CHn sinh2n−1(r) cosh(r)
HPn sin4n−1(r) cos3(r) HHn sinh4n−1(r) cosh3(r)
CaP2 sin15(r) cos7(r) CaH2 sinh15(r) cosh7(r)
In this table 1, we can find the volume densities of the following spaces:
(a) The compact harmonic spaces: Sn: sphere, CPn: complex projec-
tive space, HPn: quaternionic projective space, CaP2: octonionic
projective plane(Cayley projective plane) [47, Remark p. 24].
(b) The non-compact harmonic spaces: RHn: real hyperbolic space,
CHn: complex hyperbolic space, HHn: quaternionic hyperbolic
space [33].
(c) The non-compact harmonic space CaH2: complex Cayley hyperbolic
plane, which denoted also by H2(O) [1].
For further information we refer to [11, 36].
4.3. Characterization of harmonic Finsler manifolds. In this part,
we have given some equivalent definitions of harmonic Finsler manifolds in
terms of the mean curvature Π∇r(x) of forward geodesic sphere and the
Laplacain ∆r(x) of a Finslerian distance function.
Proposition 4.8. A Finsler µ-manifold (M,F, µ) is locally (globally) har-
monic Finsler manifold if and only if the Finsler mean curvature of all
geodesic spheres of sufficiently small radii (all radii), expressed in polar co-
ordinates is a radial function.
Proof. (M,F, µ) is harmonic by definition means that σx(r, y) is a radial
function, therefore the radial derivative of its logarithm will be radial as
well. Therefore the proof of the forward direction is completed.
For the backward direction, let x ∈M and Πx(R, y) be the Finsler mean
curvature of a forward geodesic sphere Sx(R). Then in view of (24), we have
Πx(R, y) =
d
dr
log(σx(R, y)) =
n− 1
R
+
d
dr
log(ψx(R, y)).
Assume that Πx(R, y) is radial function, i.e. Πx(R, y) = Π(r(x, .)) =
Πx(r), therefore
Πx(r)− n− 1
r
=
d
dt
log(ψx(t, y))|t=r .
Solving this equation with the initial condition ψx(0, y) = 1, yields
log(ψx(r, y)) − log(ψx(0, y)) =
∫ r
0
(Πx(t)− n− 1
t
)dt.
Thus, ψx(r, y) = e
∫ r
0
(Πx(t)−n−1t )dt which is radial function. Hence (M,F, µ)
is globally harmonic. 
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Corollary 4.9. A Finsler µ-manifold (M,F, µ) is harmonic Finsler man-
ifold if and only if the Shen’s Laplancain of a distance function is radial
function.
Proof. It follows from the Shen’s Laplancain of a distance r which satisfies
∆ r(x) = Π∇r(x) [38, Proposition 14.3.1]. 
4.4. Harmonic Finsler manifolds of constant flag curvature. It is
known that, the flag curvature is a natural generalization of the sectional
curvature. There are many characterisations for Finsler manifolds of con-
stant flag curvature. It is known that, the model Finsler spaces are not
completely classified as in the Riemannian case. In general, there are in-
finitely many Finsler model spaces, which are not isometric to each other.
For example, in the Finsler space of negative flag curvature K: the Funk
metrics have K = −14 which are forward complete and non-reversible Finsler
metrics. However, the Hilbert metrics have K = −1 which are complete and
reversible Finsler metrics. One can find further information in [4, 43, 38].
Generally, Finsler manifolds of constant flag curvature do not have constant
Sµ-curvature. For example, Bryant metrics on S
n which have constant flag
curvature K = 1 and non-isotropic S-curvature cf. [4, 43].
Theorem 4.10. A forward complete Finsler µ-manifold of constant flag
curvature K and constant Sµ-curvature is globally harmonic.
Proof. Let (M,F, µ) be a forward complete Finsler µ-manifold of constant
flag curvature K. Apply the technique of remark 4.7 into lemma 4.4, we
conclude the volume density function can be written as follows
(27) σp(r, y) = e
−τ(γ˙y(r)) Sn−1K (r),
where
Sn−1K (r) =


1√
K
sin(
√
Kr), if K > 0;
r, if K = 0;
1√−K sinh(
√−Kr), if K < 0.
(28)
It is clear that when Sµ-curvature is constant say c ∈ R, the distortion is
radial function. Indeed, d
dt
τ(γy(r), γ˙y(r)) = c implies τ(r) = cr + c1, where
c1 is a constant. Hence, σp(r, y) will be radial. 
Definition 4.11. The Finsler mean curvature of horospheres Π∞ is the Finsler
mean curvature of spheres of infinite radius which defined by Π∞ := lim
r→∞Π∇r(x).
Corollary 4.12. For a forward complete Finsler µ-manifold of constant
flag curvature K and constant S-curvature c, the Finsler mean curvature of
a forward geodesic spheres is decreasing function in r. Furthermore, when
K ≤ 0 the Finsler mean curvature of horospheres is constant.
Proof. Plug (27) in (14), one gets the Finsler mean curvature of a forward
geodesic spheres in such spaces
Π∇r(x) = −c+


n−1√
K
cot(
√
Kr), if K > 0;
n−1
r
, if K = 0;
n−1√−K coth(
√−Kr), if K < 0.
(29)
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Taking limit of (29) as r →∞, produces
(30) Π∞(x) = −c, K = 0; Π∞(x) = −c+ n− 1√−K ,K < 0.

It should be noted that Π∞ is an important geometric quantity in the
study of asymptotic harmonic Finsler manifolds as will appear later.
Corollary 4.13. Let (M,F, µ) be a µ-Finsler manifold of constant flag cur-
vature. If the S-curvature is an increasing radial function, then the Finsler
mean curvature of forward geodesic spheres will be decreasing function in r.
Proof. According to (27), the Finsler mean curvature of forward geodesic
spheres in constant flag curvature spaces is given by
(31) Π∇r(x) = − d
dr
τ(γ˙y(r)) +
d
dr
(
log
[Sn−1k (r)]) .
It is clear that d
dr
(
log
[Sn−1k (r)]) is a decreasing function in r. Moreover,
S-curvature is an increasing radial function. Hence, Π∇r(x) is a decreasing
function in r. 
4.5. Examples of globally harmonic Finsler manifolds. In this part,
we will provide many examples of our theorem 4.10 for better understand-
ing. Assume that (M,F, µ) is a forward complete Finsler manifold with
Busemann-Hausdorff volume measure. The following examples of globally
harmonic Finsler manifolds have constant flag curvature K and constant
SBH -curvature c:
a. Minkowskian metrics: It is known that any Minkowskian metric has
K = 0, SBH = 0. Therefore,
(32) Π∇r(x) =
n− 1
r
, Π∞(x) = 0.
In fact, our result about Minkowskian metrics match with the exam-
ples of hyper-surfaces in Minkowskian spaces (Rn+1, F, µBH) in [49,
§5]. A notable example of Minkowskian metric is the Berwald-Moor
metric in Rn which defined by F (y) = (y1...yn)
2
n .
b. Shen’s fish tank example: It is not Berwald metric and not Projec-
tively flat with K = 0, SBH = 0 [37]. So that it is neither Riem-
manian nor locally Minkowskian metric. The mean curvature of the
geodesic sphere and horosphere are given, respectively, by (32).
c. Funk metrics: They are projectively flat, [38, Example 7.3.4], and
have K = −14 , SBH =
n+1
2 . Thus,
(33) Π∇r(x) = 2(n− 1) coth(r
2
), Π∞(x) =
3n− 5
2
.
d. Bao and Shen constructed a family of non-Riemannian Finsler struc-
tures on Odd-dimensional spheres: which is non-projectively flat and
they have K = 1, SBH = 0 [38, Example 9.3.2]. Consequently,
Π∇r(x) = (n− 1) cot(r).
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e. Rander metrics of constant flag curvature: Indeed they must have
constant SBH -curvature. Further study of these metrics will be done,
in case of constant flag curvature and more generalized cases, in the
next section 5.
4.6. Properties of the volume density function in harmonic Finsler
manifolds. Unlike Riemannian harmonic manifolds [47], we have proved
the following:
Lemma 4.14. For a general harmonic Finsler manifold, the volume density
function σp(r) depends on the starting point p.
Proof. This is due to asymmetry of the Finsler distance. 
However, on some special Finsler metrics we have shown that, σx(r) will
be independent of x.
Theorem 4.15. For a globally harmonic reversible Finsler manifold, the
volume density function σp(r) is independent of p for all p ∈M .
Proof. The Finsler structure is reversible if and only if the induced dis-
tance dF (p, q) is symmetric. Therefore, σp(r(q)) = σp(dF (p, q)), similarly
σq(r(p)) = σq(dF (q, p)). Hence,
σp(dF (p, q)) = σq(dF (q, p)), ∀p, q ∈M.
Which means that σq(r) = σp(r), ∀p, q ∈M.

A geometric meaning of the zeros of the volume density function σp(r)
in globally harmonic manifolds will be given in the following result. More
precisely, we shall prove that:
Lemma 4.16. For a globally harmonic Finsler manifold, the zeros of σp(r, y)
are conjugate points of p.
Proof. Let η be a Finslerian geodesic joining p, q ∈M . Assume that σp(r) =
0. That is σp(rp(p, q)) = 0. Using lemma 4.4 and eq. (26), we get σp(r) = 0 is
equivalent to the exponential map is singular. Therefore, by [4, proposition
7.1.1, p. 174] p is conjugate to q.

4.7. Blaschke Finsler manifolds. To the best of our knowledge, there are
few results on Blaschke Finsler manifolds appeared in [10, 22, 45].
A consequence of lemma 4.16 is the next result:
Corollary 4.17. A globally harmonic Finsler manifold (M,F, µ) with con-
jugate points is a Blaschke Finsler manifold.
Proof. Since M is connected then once a conjugate point occur, it occurs
everywhere on Sp(r) which follows from σp(r, y) begin radial function. Hence
every geodesic emanating from p contains a cut point. Thus M is compact
which follows from [4, Lemma 8.6.1, p. 211]. Therefore the cut value iy
and the conjugate value cy are finite by [4, Exercise 8.1.2, p. 201]. Hence
(M,F, µ) is Blaschke. 
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Definitely, this result coincides with definition of Blaschke Finsler mani-
fold, in [22, 45], which is defined as i(M) = d(M).
Theorem 4.18. [42] Let (M,F ) be a complete simply connected Finsler
manifold of constant flag curvature K = 1. Then M is diffeomorphic to Sn
and all of its geodesics are closed with length of 2π.
Corollary 4.19. Such (M,F, µ) with the above mentioned properties, in
theorem 4.18, is Blascke Finsler manifold.
It is known that not every Finsler metric has reversible geodesics. How-
ever, we have
Proposition 4.20. [46, Proposition 2.1] Let F be a Rander-type metric
defined by F = Fo + β, where Fo is a reversible Finsler metric and β is a
1-form such that ||β||Fo < 1. Then F has reversible geodesics if and only if
β is closed.
A direct consequence of proposition 4.20 is the following examples.
4.7.1. Example. Blaschke Finsler manifold (M,F := g+β, µ), where (M,g)
is Riemmanian manifold all of whose geodesics are closed, β be a closed
1-form whose length ||β||g < 1 and µ is any of the known volume measures
on M, namely, Busemann-Hausdorff, Holmes-Thompson, extreme volume
measures. Therefore all geodesics in these (M,F, dµ) are closed with the
same length as in (M,g). This is follows from [22, Lemma 6.4]. In the next
section 5, we will provide a procedure to build compact and non-compact
harmonic Finsler manifolds of Randers type.
4.8. Infinitesimal harmonic Finsler manifolds. Here, we generalize and
study another type of harmonic manifolds, namely, infinitesimal harmonic
manifolds from Riemannian to Finsler geometry.
Definition 4.21. (M,F, µ) is called a infinitesimal harmonic Finsler manifold
at x ∈M if it satisfies ∀n ∈ Z+, ∃ cn(x) ∈ R such that the radial derivatives
of σx(r, y) at origin is cn(x). That is to say ∀n ∈ Z+, ∃ cn(x) ∈ R :
(34)
D
(n)
Yx
σx(r, y)|r=0 = d
n
drn
(
r −→ σx(expx(rYx))
)
(0) = cn(x), ∀Yx ∈ IxM.
Definition 4.22. Moreover, an infinitesimal harmonic Finsler manifold is
defined as follows if (M,F, µ) satisfies ∀n ∈ Z+, ∃ cn ∈ R such that
D
(n)
Y σx(r, y)|r=0 = cn, ∀Y ∈ IM.
Remark 4.23. In fact, these definitions coincide with the corresponding ones
when the Finsler metric is Riemannian [7, Chapter 6, 6.26]. Besse conjec-
tured in the Riemannian context that infinitesimal harmonic at every point
implies infinitesimal harmonic [7, Chapter 6.C, 6.D]. Till the moment we do
not know the relation between infinitesimal harmonic Finsler at x ∈M and
infinitesimal harmonic Finsler spaces.
In [41], Shen showed the following Lemma 4.24 for Busemann-Hausdorff
volume, however we observe that it is true for any arbitrary volume. This
is because, the S-curvature takes care of the volume measure chosen.
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Lemma 4.24. The Taylor expansion of volume density function of the for-
ward geodesic sphere Sx(r) at x ∈M is given by
(35)
σx(r, y) = r
n−1
{
1 + S(y)r +
1
2
[−1
3
Ric(y) + S˙(y) + S2(y)
]
r2 + ...
}
.
Therefore, the Finsler mean curvature of geodesic sphere Sx(r) at c(t) is
given by
(36) Πy =
n− 1
r
− S(y)− 1
3
Ric(y)r − S˙(y) +O(r),
where S(c˙(t)) = S(y)+S˙(y)+O(r), and c(t) is a geodesic with initial velocity
c˙(0) = y ∈ IxM .
Remark 4.25. Formula (35) shows that the Ricci curvature and S-curvature
determine the local behavior of the measure of small metric balls around a
point. In the Riemannian case, the coefficients of the Taylor expansion at
zero of the volume density function are universal polynomials in the curva-
ture tensor and its covariant derivatives.
Then we have noticed that:
Theorem 4.26. Infinitesimal harmonic Finsler manifolds are constant Ein-
stein Finsler manifolds with constant S-curvature.
Proof. The main idea is to use the Taylor expansion of volume density func-
tion at x ∈ M . Applying the definition of infinitesimal harmonic Finsler
manifold to (35), it follows that
(37) S(y) = c1, [−1
3
Ric(y) + S˙(y) + S2(y)] = c2.
Therefore, S(y) = c1, Ric(y) = −3[c2 − c21]. 
Furthermore, we have studied the relations between all the previous types
of harmonic Finsler manifolds. More specifically, we proved:
Proposition 4.27. An infinitesimal harmonic Finsler manifold is globally
harmonic. The converse is true only when M is analytic.
Proof. In the view of theorem 4.26 and (35), we deduce that σx(r, y) must
be radial function. For the converse, we need M to be analytic to take care
of the Taylor expansion (35). 
Theorem 4.28. Let (M,F, µ) be an Infinitesimal harmonic Finsler mani-
fold at every point x in M. Then (M,F, µ) is an Einstein Finsler manifolds
with isotopic S-curvature.
Proof. Applying (34) in to
σx(r, Yx) = r
n−1{1 + S(Yx)r + 1
2
[
−1
3
Ric(Yx) + S˙(Yx) + S
2(Yx)]r
2 + ...},
we get the following for all x in M
(38) S(Yx) = c1(x), [−1
3
Ric(Yx) + S˙(Yx) + S
2(Yx)] = c2(x).
Therefore, S(Yx) = c1(x), Ric(Yx) = −3[c2(x)−c21(x)− c˙1(x)]. Hence, both
Ricci and S-curvature are isotropic. 
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4.9. Asymptotic Harmonic Finsler manifolds. It is known that Ledrap-
pier introduced asymptotic harmonic Riemannian manifolds which consid-
ered as a generalization of harmonic Riemannian manifolds. These spaces
are generalized in the sense that mean value property of harmonic functions
and Einstein condition are not known to hold [3, Chapter 5, p. 148].
Here, we will define asymptotic harmonic Finsler manifolds or shortly
AHF-manifolds.Also, we have related asymptotic harmonic Finsler mani-
folds with isoparametric Finsler distance function. Therefore, this result
enabled us to give examples of AHF-manifolds form spherically symmet-
ric Finsler metrics. A useful recent book in spherically symmetric Finsler
manifolds is [18].
Definition 4.29. A forward complete, simply connected Finsler µ-manifold
(M,F, µ) without conjugate points is called an AHF-manifolds if the Finsler
mean curvature of horospheres is a real constant h. Consequently, a non-
compact harmonic Finsler manifold with a constant Finsler mean curvature
of horospheres is an AHF-manifold.
Towards the investigation of AHF-manifolds, we have proved the following
results using Riccati equation:
Theorem 4.30. If (M,F, µ) is an AHF-manifolds with constant S-curvature,
say c. Then (M,F, µ) has Ricci bounded from above by a constant that de-
pends on the Finsler mean curvature of horospheres h and c.
Proof. The Riccati equation of the shape operator induced by the Riemann-
ian metric g∇r [38, §14.4] is given by
(39)
d
dr
Lˆr(v) + Lˆ
2
r(v) +Rv = 0.
Thus,
(40)
d
dt
Πˆxt +
1
n− 1Πˆ
2
xt +Ric(Yt) ≤ 0.
Substituting by Πxt from (17) into (40), we get
d
dt
[∆ r(xt) + S(∇r(xt))] + [∆ r(xt) + S(∇r(xt))]
2
n− 1 +Ric(Yt) ≤ 0.
Since ∆ r(xt) = h, S(∇r(xt)) = c, the last inequality gives
(41) Ric(Yt) ≤ −(h+ c)
2
n− 1 .

In particular, for Berwald spaces with Busemann-Hausdorff, the S-curvature
vanish identically, so that bound is simpler. Precisely,
(42) Ric(Yt) ≤ − h
2
n− 1 .
As a consequence of (42), we get information about 2-dimensional AH-
Berwald manifold. Specifically, we have
Corollary 4.31. An AH-Berwald manifold of dimension 2 is either locally
Minkowskian or Riemannian real hyperbolic space.
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Proof. Here, the inequality (40) becomes Lˆ2r(v) + Rv = 0 ⇐⇒ h2 + Rv =
0. That is Rv = −h2 which is constant. Now applying Szabo’s rigidity
result [4, Theorem 10.6.2, p. 278], one gets the Finsler structure F is locally
Minkowskian metric in case h = 0 or Riemannian metric when h 6= 0. In
fact, the canonical Riemannian metric is real hyperbolic metric. 
In the view of eq. (41), we get
Corollary 4.32. Let (M,F, µ) be a Finsler AH-harmonic manifold satis-
fying the hypothesis of theorem 4.30. Then Ricci curvature of (M,F, µ) is
non- positive.
5. Harmonic Finsler manifolds of Rander type
In fact, one can consider Rander metrics as a modification of a Riemann-
ian metric that leads to a particular Finsler metric. These metrics are an
important class of Finsler metrics in which many results were obtained, see
for example [4, 5, 12, 22, 30].
There is a way to find many examples of harmonic Finsler manifolds which
are of Rander type. More precisely,
Theorem 5.1. Let (M,α) be a harmonic Riemmanian manifold. Let β
be a 1-form such that its length ||β||α is a radial function and ||β||α < 1.
Then (M,F := α + β, µ) is harmonic Rander Finsler manifold, where µ
any of the following known volume measures on M: Busemann-Hausdorff,
Holmes-Thompson, extreme volume measures.
Proof. (M,α) is a harmonic Riemmanian manifold implies that the volume
density function
√
det(αij) of dVα is radial function say l(r). In other words,
dVα = l(r) dr ∧ dΘ. Since, ||β||α is a radial function and the above three
volume forms, see for instance [50], are satisfying the following relations
dVHT = dVα = l(r)dr ∧ dΘ,(43)
dVBH = (1− ||β||2α)
n+1
2 dVα,
dVmax = (1 + ||β||α)n+1dVα,
dVmin = (1− ||β||α)n+1dVα.
Hence, the corresponding volume density functions are radial functions.
Consequently, (M,F := α+ β, µ) is harmonic Rander Finsler manifold. 
Corollary 5.2. The relation of the above four volume forms is
dVmin ≤ dVBH ≤ dVHT ≤ dVmax.
Proof. This follows directly from (43). 
Remark 5.3. It is known that the model spaces in Riemannain geometry are
globally harmonic cf. [11]. However, theorem 5.1 represents a class of exam-
ples which includes: harmonic Finsler manifolds of constant flag curvature
K. For example, we can choose the following Riemannian metric
(44) ακij =
1
1 + κ|x|2 (δij −
κxixj
1 + κ|x|2 ),
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where κ is the sectional curvature and κ = −1, 0, 1. Under certain choice of
the 1-form β to have constant or radial length, one can perturb ακij to be
Randers metric cf. [18, p. 3].
As we have mentioned in the introduction, there are infinitely many
Finsler model spaces, which are not isometric to each other. However, some
Rander metrics can be defined in the following spaces and one can get the
next tables. Indeed, the corresponding volume density functions in case of
Rander metrics with ||β||α = f(r), where r is the geodesic distance of F as
mentioned before in definition 4.2, are given in the following tables.
Table 2: Examples of Rander Busemann-Hausdorff Volume Densities
Compact Busemann-Hausdorff Non Busemann-Hausdorff
H. Volume Density -Compact Volume Density
spaces Function H. spaces Function
R
n rn−1
[
1− f2(r)
]n+1
2
S
n sinn−1(r)
[
1− f2(r)
]n+1
2 RH
n sinhn−1(r)
[
1 − f2(r)
]n+1
2
CP
n sin2n−1(r) cos(r)
[
1− f2(r)
]n+1
2 CH
n sinh2n−1(r) cosh(r)
[
1− f2(r)
]n+1
2
CH
n sin4n−1(r) cos3(r)
[
1− f2(r)
]n+1
2 HH
n sinh4n−1(r) cosh3(r)
[
1− f2(r)
]n+1
2
CaP2 sin15(r) cos7(r)
[
1− f2(r)
]n+1
2 CaH2 sinh15(r) cosh7(r)
[
1− f2(r)
]n+1
2
Table 3: Examples of Rander maximum Volume Densities
Compact Maximum Non Maximum
H. Volume Density -Compact Volume Density
spaces Function H. spaces Function
Rn rn−1 [1 + f(r)]n+1
Sn sinn−1(r) [1 + f(r)]n+1 RHn sinhn−1(r) [1 + f(r)]n+1
CPn sin2n−1(r) cos(r) [1 + f(r)]n+1 CHn sinh2n−1(r) cosh(r) [1 + f(r)]n+1
CHn sin4n−1(r) cos3(r) [1 + f(r)]n+1 HHn sinh4n−1(r) cosh3(r) [1 + f(r)]n+1
CaP2 sin15(r) cos7(r) [1 + f(r)]n+1 CaH2 sinh15(r) cosh7(r) [1 + f(r)]n+1
Table 4: Examples of Rander minimum Volume Densities
Compact Minimum Non Minimum
H. Volume Density -Compact Volume Density
spaces Function H. spaces Function
Rn rn−1 [1− f(r)]n+1
Sn sinn−1(r) [1− f(r)]n+1 RHn sinhn−1(r) [1− f(r)]n+1
CPn sin2n−1(r) cos(r) [1− f(r)]n+1 CHn sinh2n−1(r) cosh(r) [1− f(r)]n+1
CHn sin4n−1(r) cos3(r) [1− f(r)]n+1 HHn sinh4n−1(r) cosh3(r) [1− f(r)]n+1
CaP2 sin15(r) cos7(r) [1− f(r)]n+1 CaH2 sinh15(r) cosh7(r) [1− f(r)]n+1
5.1. Isoparametric functions in a Finsler µ-space. In Riemammian ge-
ometry, isoparametric hypersurfaces are a remarkable class of submanifolds
studied by many geometers cf. [16, p. 87-96]. While the study of Finslerian
isoparametric hypersurfaces was recently started in [20].
Definition 5.4. Let be a forward complete Finsler µ-space (M,F, dµ). A
C2 function f : M −→ R is called isoparametric in (M,F, dµ) if there is a
smooth function a(t) and a continuous function b(t) such that
(45) F (∇f) = a(f), ∆f = b(f).
Each regular level set f−1(t) is called an isoparametric hypersurface in M.
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Proposition 5.5. A forward complete Finsler µ-space is globally harmonic
if and only if the distance function dF , induced by F , is isoparametric.
Proof. It is clear that a Finsler distance dF is a transnormal function as
F (∇dF ) = 1. Corollary 4.9 says the Laplacian of dF satisfies ∆dF = b(dF ),
for some function b, if and only if (M,F, dµ) is globally harmonic. Hence,
we have completed our proof. 
Remark 5.6. It seem that the results of Theorems 1.1 is very similar to [20,
Theorem 1.1]. Indeed, our result, theorem 4.10 is equivalent to the following
part of [20, Theorem 1.1] “Particularly, if M has constant flag curvature and
constant S-curvature, then a transnormal function f is isoparametric if and
only if all the principal curvatures of Nt are constant.”
In Riemannain context, rotationally symmetric spaces include space form
models, which represent isoparametric hyper-surfaces, as particular cases:
the Euclidean space, the Hyperbolic space and the unit sphere. The cor-
responding analog in the Finsler setting is spherically symmetric Finsler
metrics. For recent survery and study about these metric, one can see [18].
In fact, all spherically symmetric Finsler metrics are general (α, β) metrics.
We however, do not discuss in details harmonic manifolds and spherically
symmetric Finsler metrics in this work and leave it to future studies.
6. Analysis of Busemann Functions with Applications
An effective tool to study many topics in differential geometry, such as the
structure of harmonic spaces Riemannian geometry, is Busemann functions.
For more details about Busemann functions in the framework of Riemannian
and and Finsler geometries with different applications, see [32, §7.3.2], [24,
45, 34, 13, 29]. Now, we recall the definition of Busemann function in the
context of Finsler geometry, cf. [29, 44], and discuss some of its general
properties.
Definition 6.1. Let (M,F ) be a forward complete Finsler manifold. A geo-
desic γ : [0,∞]→ (M,F ) is called a forward ray if it is a globally minimiz-
ing and unit speed Finslerian geodesic, that is dF (γ(s), γ(t)) := t− s ∀ s < t
and F (γ˙) = 1.
Let (M,F ) be a forward complete, non-compact Finsler manifold without
conjugate points, there always exists a forward ray γ : [0,∞] → (M,F )
emanating from each point p := γ(0) ∈ M . Associated to the ray γ, we
define the following function by
bγ,t(x) = d(x, γ(t)) − t, x ∈M,
where d is the Finsler distance that it is non-symmetric distance. Main
properties of bγ,t(x) are followings:
Lemma 6.2. For each x ∈M , we have bγ,t(x) is monotonically decreasing
function with t. Moreover, bγ,t(x) is bounded below.
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Proof. Let s < t, using triangle inequality for non-symmetric distance d, we
have
t− s = d(γ(s), γ(t)) ≤ d(γ(s), x) + d(x, γ(t)) =⇒
−s ≤ d(γ(s), x) + d(x, γ(t)) − t = d(γ(s), x) + bγ,t(x) =⇒
−d(γ(0), x) ≤ bγ,t(x) when s=0.
Hence, bγ,t(x) is bounded below by −d(γ(0), x). 
Therefore, this limit exists and this is called the Busemann function as-
sociated to the ray γ which is denoted by
(46) bγ(x) := lim
t→∞ bγ,t(x) = limt→∞ d(x, γ(t)) − t.
We shall give some properties of the Busemann functions:
Proposition 6.3. For a forward complete, simply connected Finsler mani-
fold without conjugate points, followings are satisfied:
(1) Along the ray γ(t), we have bγ(γ(t)) = −t, ∀t > 0. Therefore,
bγ(γ(0)) = bγ(p) = 0.
(2) bγ is 1-Lipschitz in the sense that
(47) − d(y, x) ≤ bγ(y)− bγ(x) ≤ d(x, y), x, y ∈M.
Hence, bγ is differentiable almost everywhere and bγ is uniformly
continuous.
(3) bγ,t converges to bγ uniformly on each compact subset of M .
Proof. (1) follows directly from (46). (2) follows from triangle inequality for
non-symmetric distance d. (3) follows from Dini’s theorem. 
Proposition 6.4. [41] One can compute Busemann functions in a vector
space equipped with a Finsler structure (V, F ) as follows: for any vector
v ∈ V, the Busemann function bv associated to the ray ηv(t) = tv, 0 < t <∞
is given by
(48) bv(y) = −yi ∂F (v)
∂yi
.
Definition 6.5. [38] A smooth function f : M −→ R is called a Finsler
distance if F (∇f) = 1.
Lemma 6.6. Let (M,F ) be a forward complete Finsler manifold and let f
be a Finsler distance on M , then the following are true:
(1) The level sets of f have no critical points and viz. f−1(c) for any c are
smooth hyper-surfaces in M .
(2) The integral curves of ∇f are unit speed Finslerian geodesics.
(3) The level sets of f are parallel hyper-surfaces along the direction ∇f .
Consequently, f is linear along the integral curves of ∇f .
Proof. (1) A Finsler distance f on M by definition means that F (∇f) = 1.
Then f has no critical points and the rest follows directly.
(2) This follows from [4, Lemma 6.2.1, p. 146].
(3) It follows from [48, Sec.4]. That is to say f(f−1(t), f−1(s)) = s −
t, t < s. Consequently, f is linear along the integral curves of ∇f . Indeed,
integrating both sides of η˙(t) = ∇ρ ◦ η, yields f(η(t)) = t+ f(η(0)). 
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Remark 6.7. In the Finsler context, there is a slight difference in the defini-
tion of parallel hyper-surfaces. This is due to the non-symmetry of distance
dF , namely if a hypersurface f
−1(t) is parallel to f−1(s) does not mean that
f−1(s) is parallel to f−1(t) unless the Finsler metric is reversible.
Remark 6.8. [25, 35] Let T be a distribution on a compact subset Ω of M ,
then, ∀z ∈ Z+, define the distributional derivative dzT
dxz
(ϕ) = (−1)zT (ϕ(z))
for any ϕ ∈ D(Ω). That is to say
(49)
∫
Ω
D(z)T (ϕ)dµ = (−1)z
∫
Ω
D(z)ϕ(T )dµ, ∀ϕ ∈ D(Ω).
Lemma 6.9. ∆bη,t → ∆bη as t→∞ in the distributional sense.
Proof. Let Ω ⊂ M be an open subset. Since bt,η is a continuous function,
then it is locally integrable and therefore is a distribution on Ω. Using (6)
and (12), we get∫
Ω
ϕ∆bη,tdµ := −
∫
Ω
dϕ(∇bη,t)dµ = −
∫
Ω
∇bη,t(ϕ)dµ
= −
∫
Ω
g∗kl
∂bη,t
∂xl
∂ϕ
∂xk
dµ,
= −
∫
Ω
∂bη,t
∂xl
g∗kl
∂ϕ
∂xk
dµ
=
∫
Ω
bη,t
∂
∂xl
(
g∗kl
∂ϕ
∂xk
)
dµ.
The last equality follows from the fact that bη,t is a distribution and applying
the distributional derivative definition DT (ϕ) = −T (Dϕ).
Now, taking limit as t→∞ of both sides yields
lim
t→∞
∫
Ω
ϕ∆bη,tdµ = − lim
t→∞
∫
Ω
bη,t
∂
∂xl
(
g∗kl
∂ϕ
∂xk
)
dµ
= −
∫
Ω
lim
t→∞ bη,t
∂
∂xl
(
g∗kl
∂ϕ
∂xk
)
dµ
= −
∫
Ω
bη
∂
∂xl
(
g∗kl
∂ϕ
∂xk
)
dµ
=
∫
Ω
ϕ∆bη dµ.
Hence, ∆bη,t → ∆bη in the weak sense. 
In the following result, we will prove the generalization of [32, Proposition
7.3.8] from Riemannian to Finsler context. In this proposition and next
corollary, we need (M,F ) to be only forward complete.
Definition 6.10. Let (M,F ) be a non-compact forward complete Finsler
manifold. Let η : [0,∞) −→ M be a ray. Another ray ζ : [0,∞) −→ M is
said to be asymptotic to η if there exists a sequence {ti}i∈N ⊂ [0,∞[ and a
sequence {ζi}i∈N such that
lim
i→∞
ζi(t) = ζ(t), ∀ t ≥ 0 and lim
i→∞
ti =∞,
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and
ζi : [0, d(ζ(0), η(ti)] −→M
of minimal geodesics from ζ(0) to η(ti). cf. [34],[29, p. 163]
Proposition 6.11. If a ray ζ, emanating from p := ζ(0), is asymptotic to
η, then their Busemann functions are related by
(50) bη(ζ(t)) = bη(p) + bζ(ζ(t)) = bη(p)− t.
(51) bη(x)− bζ(x) ≤ bη(p).
Proof. Let η be an asymptote to ζ from p. Then is there exists a sequence
{ti}i∈N ⊂ [0,∞[ and a sequence {ζi}i∈N of minimal geodesics from p to η(ti)
such that
lim
i→∞
ζi(t) = ζ(t), ∀ t ≥ 0 and lim
i→∞
ti =∞.
bη(p) := lim
i→∞
d(p, η(ti))− ti
= lim
i→∞
d(p, ζi(s)) + d(ζi(s), η(ti))− ti
= d(p, ζ(s)) + lim
i→∞
d(ζ(s), η(ti))− ti
= s+ bη(ζ(s)).
That is to say that, bη(q) − bη(p) = −c, where ζ(c) = q, c ≥ 0. Now we
will use (50) to prove (51) as indicated below. From Triangle inequality for
non-symmetric distance d, we have
d(x, η(s)) − s ≤ d(x, ζ(t)) + d(ζ(t), η(s)) − s
= d(x, ζ(t)) − t+ d(ζ(0), ζ(t)) + d(ζ(t), η(s)) − s.
Now, let s→∞ in the above equation we get,
bη(x) ≤ d(x, ζ(t))− t+ d(p, ζ(t)) + bη(ζ(t)).
Using (50), we get that
bη(x) ≤ d(x, ζ(t)) − t+ d(p, ζ(t)) + bη(p)− t.
Therefore,
bη(x) ≤ d(x, ζ(t))− t+ bη(p).
Taking limit t→∞ of both sides, yields (51). 
Actually, equation (50) a generalization of [13, Corollary 3.9].
Then we shall show the asymptotes are unique. An immediate conse-
quence of this result is that Busemann functions are distance functions i.e.
F (∇bζ) = 1. Hence, the Busemann function associated to the ray ζ can be
interpreted as a distance function from ζ(∞).
Corollary 6.12. Let η : [0,∞] → M be a ray. Then the ray ζ(s) :=
expp(sv) asymptote to η through p is unique ray ζ emanating from p that is
asymptotic to η.
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Proof. Let η be an asymptote to ζ from p. From proposition 6.3 (2) the
Busemann almost is differentiable almost everywhere, so one can differenti-
ate both sides of (50) and get
d
ds
(bη(ζ(s)) = −1.
Using (7), we have
d
ds
(bη(ζ(s))|s=0+ := g(∇bη(ζ(s)), ζ˙(0)).
Hence,
(52) ∇bη(p) = −ζ˙(0) = −v.
This implies that there is only one asymptotic geodesic to η emanating from
p, namely
ζ(s) = expp(s∇bη(p)).

Lemma 6.13. “Strong comparison principle” [17, Lemma 5.4]
Let Ω be a bounded open set in Rn. Let u, v ∈ H1(Ω)∩C(Ω) and Λ ∈ R.
Suppose that
u ≥ v, −∆u+ Λu ≥ −∆v + Λv in Ω.
If u(x0) = v(x0), then u ≡ v in the component of Ω containing x0.
Remark 6.14. It should be noted that, for complete, simply connected Rie-
mannian manifold of non-positive sectional curvature, the asymptotic rela-
tion between two rays is equivalence relation. However, imposing condition
on the flag curvature in general Finsler manifold not enough to make it
equivalence one. This is because the asymptotic relation is neither transi-
tive nor symmetric [45]. Even though, we shall prove the following:
Theorem 6.15. In an AHF-manifolds, the equation (51) is representing an
equivalence relation. Moreover, two rays are asymptotic if and only if the
corresponding Busemann functions agree upto a constant.
Proof. Let η be a ray asymptotic to ζ starting from p. Then, it is clear from
(51), the function (bη − bζ) attains its maximum at p. Let Ω be a bounded
open set of M . Now, applying lemma 6.13 for u := bζ(x)+ bη(p), v := bη(x)
and Λ := 0, yields that
(53) bζ(x)− bη(x) = c,
where c := bη(p) is a constant and x in the component of Ω containing p say
that x ∈ U . This is because u ≥ v, in Ω and ∆(bζ(x) + bη(p)) = ∆bζ(x) =
h, ∆bη(x) = h as (M,F, µ) is an AHF-manifold. Note that the set
A := {z ∈ U |bζ(z) + bη(z) = c}
is an open bounded set as it is subset of Ω. Meanwhile, it is clear that it
is closed set. But our base manifold M is simply connected, therefore A
is the whole M . One can easily show that (53) is reflexive, symmetric and
transitive that is to say
η ≈ ζ ⇐⇒ bζ(x)− bη(x) = c.
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Indeed, it is symmetric, follows from
η ≈ ζ ⇐⇒ bζ(x)− bη(x) = c =⇒ bη(x)− bζ(x) = c1 ⇐⇒ ζ ≈ η,
where c1 := −c. Transitivity also can be shown as follows,
η ≈ ζ, ζ ≈ γ ⇐⇒ bζ(x)−bη(x) = c2, bγ(x)−bζ(x) = c3 =⇒ bγ(x)−bη(x) = c4,
where c4 := c2 + c3 which means that η ≈ γ. 
Corollary 6.16. The level sets of Busemann function b−1γ (t) are smooth
closed non-compact hypersurfaces and called limit spheres or horospheres.
For Riemannain manifolds [32, §7.3.2], in the flat case, horospheres are
just affine hyper-planes, and in the case of constant negative sectional curva-
ture, using the Poincare model, horospheres are euclidean spheres internally
tangent to the boundary sphere, minus the point of tangency which may be
not the case in general Finsler manifolds.
Remark 6.17. For a straight line ζ : R −→M in a complete Finsler manifold,
we have the two associated Busemann functions bζ for the forward ray and
bζ for the backward ray ζ := ζ(−t), t ≥ 0,
bζ(x) := limt→∞ d(ζ(t), x) − t.
As we mentioned before the Busemann function bγ is distance function
and 1-Lipschitz so we can define AHF-manifold in the weak (or distribu-
tional) sense as follows:
Definition 6.18. A forward complete, simply connected Finsler µ-manifold
(M,F, µ) without conjugate points is called an AHF-manifold in the weak
sense if the weak Laplacian of Busemann function is a real constant, that is
∆bγ = h, where ∆ is Shen’s Laplacian.
Similarly, we shall define a complete AHF-manifold in the weak (or dis-
tributional) sense as follows:
Definition 6.19. A complete, simply connected Finsler µ-manifold (M,F, µ)
without conjugate points is called an AHF-manifold in the weak sense if
the weak forward and backward Laplacians of Busemann function are real
constant. That is
←−
∆bη = h and ∆bη = h, where h ∈ R, where ∆ is Shen’s
Laplacian.
Corollary 6.20. In an AHF-manifolds, the Finsler mean curvature of large
geodesic spheres converges to the Finsler mean curvature of horospheres.
Proof. It follows from lemma 6.9. 
In the next theorem we will follow the definitions, notions and notations
of [9], to avoid lengthy introduction. For more details regarding to fully
nonlinear uniform elliptic equations and regularity theorems cf. [8, 9, 14, 19].
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Theorem 6.21. For any ray η in an AHF-manifold, the associated Buse-
mann begin functions bη is smooth function on M .
Proof. Since Shen’s Laplacain (11) is fully nonlinear uniform elliptic opera-
tor, we shall use the techniques developed in [8, §3], to show the regularity
of the solution of ∆bη = h. In fact, ∆bη = h can be written in the form
F˜(d2bη) = h in a domain Ω ⊂M , say that Ω is an open ball. We showed, in
proposition 6.3, that bη is 1-Lipschitz. Therefore, to show that bη is smooth,
we will do the following steps in the weak (distributional) sense:
(1) Define a new operator F := F˜−h, then our PDE F˜(d2bη) = h turns out
to be F(d2bη) = 0.
(2) Transforming the nonlinear PDE F(d2bη) = 0 to a linear one by differ-
entiating both sides with respect to the coordinates xi, yields L(∂ibη) = 0,
where L := Fkl∂k∂l, where Fkl denoted the first partial derivative of F with
respect to its kl-th entry.
(3) Applying Krylov-Safonov theory to L(∂ibη) = 0, yields
||∂ibη||Cα(B1/2) ≤ C ||∂ibη||L∞(B1),
where 0 < α < 1 and C are universal constants. Therefore, we can deduce
the C1,α estimate of bη as follows
||bη ||C1,α(B1/2) ≤ C ||bη ||C1(B1).
(4) But F is uniformly elliptic and bη is the viscosity solution of F(d
2bη) =
0 which continuous in B1. Then bη ∈ C1,α(B1) and satisfies
||bη||C1,α(B1/2) ≤ C {||bη ||L∞(B1) + |F(0)|}.
(5) Since F is convex operator, we can apply Evans and Krylov weak
Harnack inequality to [14, 28], and get the C2,α-estimate of bη
||bη ||C2,α(B1/2) ≤ C {||bη ||L∞(B1) + |F(0)|}.
A boot strap argument infers the higher regularity of bη. Thus, bη is smooth.
Hence, for any ray η in an AHF-manifold, the associated Busemann function
bη is smooth. 
Let us recall the definition of bi-asymptote in Finsler geometry, we say
that a straight line ζ : R −→ M is bi-asymptotic to η if ζ|[0,∞) asymptotic
to η|[0,∞) and if ζ¯(s) := ζ(−s) is asymptotic to η¯ with respect to
←−
F . Then
we have to prove the following:
Proposition 6.22. For any straight line η : R −→M in an AHF-manifold
with h = 0, the associated Busemann functions satisfy
(54) bη + bη = 0.
Proof. The triangle inequality, gives bη+bη ≥ 0 which means that bη ≥ −bη.
By direct calculations, bη(η(s)) = −bη(η(s)). Let Ω be a bounded open set
of M . It is easy to see that bη, −bη ∈ H1(Ω) ∩C(Ω). Applying lemma 6.13
by putting u := bη, v := −bη and Λ := 0, yields that bη + bη = 0. 
Proposition 6.23. The bi-asymptotic are unique in any AHF-manifold
whose Finsler mean curvature of all horospheres vanishes i.e. h = 0.
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Proof. It follows from proposition 6.22 and using the same technique as that
in the proof of corollary 6.12. 
The next result is a special case of theorem 6.21. However, its proof is
different.
Theorem 6.24. For any straight line η in an AHF-manifold (M,F ), the
associated Busemann functions bη and bη are smooth function on M in case
of h = 0.
Proof. We have ∆bη = 0,
←−
∆bη = 0. Since a harmonic function is a static
solution to the heat equation and dbη does not vanish, then bη is smooth [29,
Proposition 4.1. p. 165] and [31, Theorem 4.9 and Remark 4.10]. Moreover,
bη + bη = 0, by proposition 6.22, then bη = −bη is smooth. 
Proposition 6.25. Suppose f is a distance function on an AHF-manifold.
Let η be the integral curve of ∇f starting from p = η(0) such that f(p) = 0.
Moreover, assume that ∆f = h = ∆bη, then f = bη.
Proof. From the definition of distance function, F (∇f) = 1. Therefore, the
integral curve η of ∇f satisfies f(η(t)) = t as f(η(0)) = f(p) = 0 by lemma
6.6 (3). Now, fix some s > t and let x ∈ f−1(s),
d(η(t), x) ≥ d(f−1(t), f−1(s)) = s− t.
Hence, we have d(η(t), x) + t ≥ s = f(x), ∀x ∈ f−1(s). Therefore,
lim
t→−∞ d(η(t), x) + t ≥ f(x).
Thus, bη(x) ≥ f(x), ∀x ∈ f−1(s) and bη(p) = 0 = f(p). Now, applying
lemma 6.13, we get bη(x) = f(x), ∀x ∈ f−1(s). That is f = bη. 
6.1. Total Busemann function. Let (M,F ) be a complete simply con-
nected Finsler manifold without conjugate points. Assume that at each
x ∈M there exists a unique line ζ emanating from x := ζ(0) with ζ˙(0) = v.
Under these conditions, each v ∈ IM gives rise to the corresponding Buse-
mann function bζ . For convenience, one can define the total Busemann
function as follows:
Definition 6.26. The total Busemann function B : IM → A(M)2 given by
v → bv i.e. B(v) = bv : M −→ R, where bv(p) := bζ(p) for all p ∈M .
It should be noted that the range of B is in C∞(M) for harmonic Finsler
manifolds.
Lemma 6.27. The sequence {byn}n∈N is uniformally bounded on each com-
pact set.
Proof. Put x = p = γ(0), y = xo in (47), yields (by our definition)
−d(xo, p) ≤ bγ(xo) ≤ d(p, xo)⇐⇒ |bγ(xo)| ≤ d(p, xo).
Taking the supreum of both sides over xo ∈ Ω, where Ω is a compact subset
of M:
sup
xo∈Ω
|bγ(xo)| ≤ sup
xo∈Ω
d(p, xo) = d(p,Ω) = constant.
Hence, {byn}n∈N is uniformally bounded by d(p,Ω). 
2
A(M) denotes the set of differentiable functions from M to R.
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We shall show that for AHF-manifolds, the total Busemann function B
is continuous when the range is given the C∞-topology.
Theorem 6.28. Let (M,F, µ) be an AHF-manifold . Then, the total Buse-
mann mapping B : IM → C∞(M) given by B(v) = bv, v ∈ IxM is contin-
uous with respect to the C∞ topology on the co-domain.
Proof. Our proof shall be divided into the following steps:
(1) Let x ∈ M arbitrary but fixed. It is sufficient to prove that bv is
continuous on IxM as we can replace any v ∈ IM by w ∈ IxM , where w
is asymptotic to v. Indeed, taking a sequence {yn}n∈N in IM , in general
yi ∈ Ipi , pi ∈M and some of pi are different.
To avoid this complexity, we will deal with asymptotic rays. This is
because, if ζ, η are asymptotic rays, then the difference between their asso-
ciated Busemann functions is constant which follows from proposition 6.11.
Moreover, since bη is differentiable at p ∈M , then ζ(t) = expp(t∇bη(p)) is
a unique ray asymptotic to η emanating from p. This follows from corollary
6.12.
(2) Consider a sequence of unit vectors {yn}n∈N in IxM such that yn → y.
Then, {byn}n∈N is an equicontinuous family of Busemann functions which is
point-wise bounded on each compact subset Ω of M and from Lemma 6.27.
Consequently, by Ascoli-Arzela theorem {byn : Ω −→ R}n∈N has a uniformly
convergent subsequence, say {bynk }, converging to some function f .
(3) Since each bynk is 1-Lipschitz, so f is 1-Lipschitz. Thus, f is differen-
tiable almost everywhere. Therefore, the gradient ∇f of f , is defined and
the weak Laplacian ∆f is defined.
Now, Applying, the definition of distributional (weak) derivative (49) for
T = ∇bvnk and z = 1, we get∫
Ω
(∆bvnk )ϕdµ = −
∫
Ω
dϕ(∇bvnk )dµ,∫
Ω
(∆f)ϕdµ = −
∫
Ω
dϕ(f)dµ.
Hence in the distributional sense, we get
∆bynk −→ ∆f, as nk →∞.
(4) (M,F, µ) being an AHF-manifold i.e. ∆bynk = h. Therefore ∆f = h
in the distributional sense. Now, using the same technique of the proof of
Theorem 6.21, we see f is smooth.
(5) Therefore, both f, bynk ∈ C∞(Ω,R). Indeed,
lim
nk→∞
bynk = f.
Using the fact, C∞(M) on a smooth manifold M is a Frechet space with
semi-norms defined by the supremum of the norms of all partial derivatives,
for more details cf. [15, §3].
That is to say, bvnk → f , uniformly on Ω along with all the derivatives,
where f is a distance function with ∆f = h on Ω.
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(6) Let ηv is the integral curve of ∇f starting from p := η(0). Thus, using
proposition 6.25 we conclude that f = b−v on Ω. Which means that bv is
continuous with respect to the C∞ topology. 
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